Abstract. Frames of translates of f ∈ L 2 (G) are characterized in terms of the zero-set of the so-called spectral symbol of f in the setting of a locally compact abelian group G having a compact open subgroup H. We refer to such a G as a number theoretic group. This characterization was first proved in 1992 by Shidong Li and one of the authors for L 2 (R d ) with the same formal statement of the characterization. For number theoretic groups, and these include local fields, the strategy of proof is necessarily entirely different; and it requires a new notion of translation that reduces to the usual definition in R d .
1. Introduction 1.1. Background. Time frequency analysis, wavelet theory, the theory of frames, sampling theory, and shift invariant spaces have not only burgeoned, but have also uncovered a host specific, tantalizing problem areas. One of these is the frame theoretic characterization of a closed span of translations. This is our bailiwick here, and it has become a topic with great generalization, applicability, intricacy, and abstraction, and with a large number of contributors, see, e.g., [8] , [13] , [17] , [16] , [12] , [11] , [1] , [2] , [21] and the references therein.
We shall focus on the setting of what we call number-theoretic LCAGs, and by which we mean locally compact abelian groups (LCAGs) G with a compact open subgroup H. For a given function f on G, we shall solve the particular problem in this setting of characterizing when the closed span of translates of f is a frame. The characterization is in terms of the zero-set of a natural spectral symbol, see Theorem 4.5 for the solution. This closed span of translates problem is also addressed in the aforementioned references but not for number theoretic groups. The Euclidean version, going back to 1992, is restated in Theorem 1.2. The strategy for its proof is natural, whereas the proof of Theorem 4.5 requires a new idea that we explain.
In Subsection 1.2 we provide the necessary material on the theory of frames. Then, in Subsection 1.3, we state the Euclidean version of what we shall prove for number theoretic groups. Section 2 gives the theoretical background for locally compact abelian groups and number theoretic groups that we need to prove Theorem 4.5.
In order to formulate the closed span of translates problem for number theoretic groups, we require a new, motivated, and reasonable notion of translation. This is the content of Subsection 3.1. Then, in Subsection 3.2, we define the spectral symbol for number theoretic groups, in analogy with the Euclidean case; and prove a basic property of it with regard to H ⊥ . Subsection 4.1 gives the technical lemmas we need to prove our main Theorem 4.5 in Subsection 4.2. The idea of the proof of Theorem 4.5, that distinguishes it essentially and theoretically from the Euclidean case in Subsection 1.3, is encapsulated at the beginning of Subsection 4.2.
Section 5 is devoted to fundamental examples that are essential to our point of view.
1.2. Frames. Definition 1.1 (Frame). a. Let H be a separable Hilbert space over the field F, where F = R or F = C. A finite or countably infinite sequence, X = {x j } j∈J , of elements of H is a frame for H if The optimal constants, viz., the supremum over all such A and infimum over all such B, are called the lower and upper frame bounds, respectively. When we refer to frame bounds A and B, we shall mean these optimal constants. b. A frame X for H is a tight frame if A = B. If a tight frame has the further property that A = B = 1, then the frame is a Parseval frame for H. c. A frame X for H is equal-norm if each of the elements of X has the same norm. Further, a frame X for H is a unit norm tight frame (UNTF) if each of the elements of X has norm 1. If H is finite dimensional and X is an UNTF for H, then X is a finite unit norm tight frame (FUNTF).
d. A sequence of elements of H satisfying an upper frame bound, such as B x 2 in (1), is a Bessel sequence; and this second inequality of (1) is Bessel's inequality.
We refer to [14] , [4], [13] for the theory of frames.
Frames of translates for
, the space of C-valued square integrable functions taken with Lebesgue measure.
where
is considered as the dual locally compact abelian group (LCAG) of the LCAG R d . Further, formally define the spectral symbol,
For any fixed y ∈ R d , the translation operator, τ y :
, is defined by τ y (f )(x) = f (x − y). For a given f ∈ R d , we consider the space,
Further, it is straightforward to check that if {τ m f } is a Bessel sequence for the Hilbert space 
where N = {γ ∈ [0, 1) d : Φ(f )(γ) = 0} (N is defined up to sets of measure 0).
Remark 1.3 (Generalizations)
. The natural generalization of this result to LCAGs G, and then some, has been done, e.g., [12] , [16] , cf. [28] . Structurally, the generalizations typically depend on G having non-trivial discrete subgroups that replace Z d , and on thinking naturally 2. LCAGs 2.1. Basic theory. Let G be a locally compact abelian group (LCAG) with closed subgroup H, dual LCAG G, and annihilator subgroup H ⊥ ⊆ G. As a group, G is defined as the set of all continuous homomophisms, γ : G −→ {z ∈ C : |z| = 1}, for which γ(x + y) = γ(x) γ(y), and where the group operation on G is defined by (γ 1 + γ 2 )(x) = γ 1 (x) γ 2 (x). It is standard to write γ(x) = (x, γ), and the continuous homomorphisms γ are called characters of G. The annihilator H ⊥ of H is defined as • H ⊥ ⊆ G is a closed subgroup.
assumes that H ⊆ G is a subgroup, not necessarily a closed subgroup. The two equalities in the above list designate algebraic and topological isomorphisms. They are proved by analyzing the natural surjective homomorphisms h. For example, for the first equality, begin by considering the natural surjective homomorphism, h : G −→ G/H. Then, the equation, (x, γ) = (h(x), λ), defines an injection between the elements of H ⊥ and the continuous characters λ defined on G/H. It is then straightforward to complete the proof.
A set of coset representatives of the quotient group G/H ⊥ is denoted by C. C is defined as a subset of G consisting of exactly one element of each coset Σ ∈ G/H ⊥ , and each element γ + H ⊥ ∈ Σ is designated [γ] so that generally there are many γ 1 , γ 2 ∈ G for which
Given a set C of coset representatives of G/H ⊥ . Based on the fact that the set of all distinct cosets Σ ⊆ G is a tiling of G, we see that each γ ∈ G has a unique representation γ = σ + η γ , where σ ∈ C and η γ ∈ H ⊥ . The cross-section mapping,
establishes a bijection between G/H ⊥ and C, that can transmit the algebraic and topological properties of G/H ⊥ to C. Also, because of its use when dealing with fiber bundles, C is also referred to as a section.
Let µ = µ G and ν = ν G denote Haar measures on G and G, respectively. L 1 (G) is the space of integrable functions on G, and the absolutely convergent Fourier transform of f ∈ L 1 (G) is the function f defined as
The space of absolutely convergent Fourier transforms is denoted by A( G). It is straightforward to prove that if f ∈ L 1 (G), then there is g ∈ L 1 (G) with the properties that f = g, a.e. and the support of g is σ-compact; further, the support of each element of A( G) is σ-compact, see [3, pages 20-21] . The inverse Fourier transform of F defined on G is denoted by ⊥ , are discrete groups. These facts were noted above. However, in this case, we can and shall make the following choices of normalization on each of the six interrelated groups we are discussing, where H is both open and compact: 
, and between L 2 (G/H) and
, see, e.g., [26] , [24] , and [19, Section 31.1]. In calculations involving integrals over both G and H ⊥ , we shall use the notation γ ∈ G and η ∈ H ⊥ , and we shall write dη instead of dν H ⊥ (η).
Remark 2.1 (Periodization and Weil's formula). Classical Euclidean uniform sampling formulas depend essentially on periodization in terms of a discrete subgroup. Periodization induces a transformation from the given group to a compact quotient group, thereby allowing the analysis to be conducted in terms of Fourier series which lead to sampling formulas. For example, the Shannon wavelet is associated with the simplest (and slowly converging) Classical Sampling Formula derived from the sinc sampling function. For more general sampling functions s, the Classical Sampling Formula has the form, 
is a far reaching generalization of the idea of periodization, which itself is manifested in the term H f (x + y) dµ H (y). If two of the three Haar measures in (2) are given, then the third can be normalized so that (2) is true on the space C c (G) of continuous functions with compact support. In our setting, with µ H as the restriction of µ to H, the choice of µ G/H to be counting measure is the appropriate normalization for (2) . The analogous statement also applies to ν, ν H ⊥ , and ν G/H ⊥ . A theme of this paper is to overcome the fact that we do not have the luxury of having non-trivial discrete subgroups for most of the number-theoretic groups we analyze. This led to our idea and strategy developed in Sections 3 and 4.
2.2. Number theoretic LCAGs -set-up. Let G be a LCAG with a compact open subgroup H; see, for example, [20, 23, 25, 27] for this setting. The following facts are well known, overlap with some of the assertions in Subsection 2.1, and proofs can be found in these references as well as those listed in Subsection 2.1.
•
• Generally, G and G do not have non-trivial discrete subgroups.
Example 2.2. Given the field Q of rational numbers and a prime number p.
where the valuations ord p (m) and ord p (n) are the exponents of the highest power of p dividing m and n, respectively. The p-adic absolute value | · | p satisfies the multiplicative equality, |qr| p = |q| p |r| p , and the non-Archimedean inequality, |q + r| p ≤ max{|q| p , |r| p }, for q, r ∈ Q. The p-adic absolute value gives rise to the metric
The completion of Q with respect to d p is the complete metric space Q p of p-adic numbers, and the completion of Z ⊆ Q with respect to | · | p is the subspace Z p of p-adic integers. Q p is a locally compact field of characteristic char(Q p ) = 0.
As a completion, Z p is clearly closed, and, in fact, it is the compact unit ball of radius 1 in Q p . Z p is also the open ball of radius 1 + in Q p since the only distances actually attained in Q p are powers of p. Another proof that Z p is open, and this is also the proof for the analogues of Z p for the more general local fields described in Section 5, is by direct calculation using ultrametric inequalities, that are also induced by absolute values. Algebraically, Z p is a compact open subring. In particular, Z p is a compact open subgroup of Q p under addition.
Further, Q p is separable, and hence second countable since it is a metric space. As a LCAG under addition, we also have that Q p = Q p and Z p = Z p ⊥ . Moreover, Q p /Z p and Q p /Z p ⊥ are countable discrete groups, for which the order of each element is a finite power of p.
Remark 2.3 (Countability and σ-compactness). We noted in Subsection 2.1 that for a LCAG G we can assume without loss of generality that supp f is σ-compact for f ∈ L 1 (G). We just noted in Example 2.2 that Q p /Z p and Q p /Z p ⊥ are countable discrete groups, but the same is not true for arbitrary number theoretic groups, e.g., see [10] . For number theoretic groups G, we shall be summing over the discrete group G/H and a set C of coset representatives of G/H ⊥ . However, the sums are well-defined by the aforementioned σ-compactness, and so we do not have to assume these sets are countable to prove our assertions, e.g., see the proof of Proposition 3.3.
3. Translation and Bessel's inequality 3.1. Translation. Our point of view is to think of translation in terms of a group of operators under composition as opposed to evaluation on an underlying discrete subgroup. Let G be a LCAG, let H ⊆ G be a closed subgroup, and let C be a set of coset representatives of G/H ⊥ . For any fixed [x] ∈ G/H, the translation operator,
is well-defined by the formula,
The fact that it is well-defined is a consequence of the validity of the Parseval formula in this setting, and because f ∈ L 2 ( G) and
Thus, we think of a group of translation operators under convolution instead of an underlying discrete subgroup. Note that w [x],C depends on [x] and C, but not on x.
This notion of translation was originally defined for our wavelet theory on local fields [6 
] (2004).
Example 3.1. Given a LCAG G with compact subgroup H. Let a ∈ G and β ∈ G, and let
where 1 X is the characteristic function of a set X. Note that f ∈ L 1 (G) since H is a compact set. We have
where the last equality follows because the compact set H is group. In fact, consider the cases γ ∈ β +H ⊥ and γ / ∈ β +H ⊥ . If γ ∈ β +H ⊥ and y ∈ H, then (y, β −γ) = (y, γ − β) = 1; and so the last integral in equation (3) is 1 = 1 β+H ⊥ (γ) for γ ∈ β + H ⊥ . If γ / ∈ β + H ⊥ , then there is y ∈ H for which (y, γ − β) = 1, and we compute
from which we can conclude that H (x, γ − β) dx = 0, which can be written as 1 β+H ⊥ (γ) for such γ / ∈ β + H ⊥ . Hence, for any [b] ∈ G/H, we compute
since, for all γ ∈ β + H ⊥ , we have σ γ = σ β , whence η γ = γ − σ β . Therefore,
Example 3.1 illustrates that the translation operators τ [b] ,C are related to ordinary translation, but are not quite the same. The key advantage they provide is that they form a group isomorphic to G/H, even though G generally does not contain a subgroup isomorphic to G/H. Indeed, for x, y ∈ G, it is easy to check that τ x,C • τ y,C = τ x+y,C , with τ x,C = τ y,C if and only if x + H = y + H, see [6, Remark 2.3].
3.2. V C,f and Φ C,f (g). Let G be a LCAG, let H ⊆ G be a compact open subgroup, and let C be a set of coset representatives of G/H ⊥ . Take f ∈ L 2 (G) and define the closed span of translates,
and the spectral symbol,
Remark 3.2 (Orthonormal basis of characters). The discrete set G/H of characters of the compact group H ⊥ is easily seen to be orthonormal. Also, the set P of trigonometric polynomials,
where F ⊆ G/H, card(F ) < ∞, and c [x] ∈ C, is a dense sub-algebra of C(H ⊥ ), the function algebra of continuous functions on H ⊥ taken with the sup-norm. This is a consequence of the Stone-Weierstrass theorem since P is closed under complex conjugation and G/H separates points on H ⊥ . By this density, P is also dense in L 2 (H ⊥ ). By the aforementioned orthonormality, and the fact that P is dense in 
, and, in particular,
Proof. i. Let g ∈ L 2 (G). As observed after (4), we have
In fact, we compute
by means of the Fubini-Tonelli theorem [7, pages 132-140], a change of variables, a partitioning of G, and the Plancherel theorem, see this rationale in reverse to justify the calculation after (9) . Further, we can write
where we have used the definition of translation in Subsection 3.1 and the unique representation for coset representatives for the last equality.
ii. Note that
Taking into account Remark 2.3, we know by assumption (5) that
and so,
In fact, repeating the calculation after (6), but in reverse order, we have
where the first equality follows from the Plancherel theorem, the second by partitioning G, the third by change of variables and carrying out the calculation on the group H ⊥ instead of G, the fourth by the translation-modulation property (7), and the last by the Fubini-Tonelli theorem.
Therefore, since
we see from (9) that the sequence,
, an elementary Hilbert space Cauchy sequence argument shows that the Fourier series F f (g), defined as
Further, by the orthonormality, and another standard Hilbert space calculation,
where ·, · L 2 (H ⊥ ) is the inner product on the Hilbert space L 2 (H ⊥ ). Combining equations (10) and (11) , and noting that
Consequently, by the L 1 -uniqueness theorem for Fourier series, we have Φ C,f (g) = F f (g) a.e., and so we can conclude that
Main result

Lemmas. Throughout this section G is a LCAG with compact open subgroup H and
C is a set of coset representatives of G/H ⊥ .
,C f and
, and
Proof. For each γ ∈ G, we designate its unique representation in terms of the given section C by γ = σ γ + η γ , where σ γ ∈ C and η γ ∈ H ⊥ . Using the fact that
we make the following computation which invokes the Fubini-Tonelli theorem:
Here, dγ represents Haar measure on G, thinking of the sequence {σ + H ⊥ : σ ∈ C} of cosets of G as a partition of G, where dη represents normalized Haar measure on H ⊥ so that the last equality is also valid with dη replaced by dγ, and where η in the third equality corresponds to η γ in the representation γ = σ + η γ .
The following is proved by a routine argument in real analysis.
, and consider the frame condition,
Then, (13) is valid for each g ∈ V C,f if and only if (13) is valid for each g ∈ span{τ [x],C f :
Proof. i. We first estimate the L 2 -norm of g F , using Minkowski's inequality and then the Plancherel formula, taking into account that w [x],C is unimodular:
In particular, g F ∈ L 2 (G), as we knew from its definition. ii. Let K ⊆ G/H satisfy card (K) < ∞. By the Parseval-Plancherel formula we compute
and γ − η γ = σ γ ∈ C is the unique representation of each γ ∈ G. We now rewrite (15) in terms of integration over H ⊥ . To this end, we begin by computing the inner integral of (15) as follows using the fact that each λ ∈ G has the unique representation λ = σ + η λ for some σ ∈ C and some
where dλ denotes Haar measure on G and dη denotes Haar measure on H ⊥ . The last equality also follows from the Fubini-Tonelli theorem, actually Tonelli's theorem [7, page 138] 
and, with a similar calculation for its outer integral, (15) becomes
where dγ denotes Haar measure on G, and dη and dν denote Haar measure on H ⊥ . iii. Now let us consider the right side of the inner integral (16) in terms of Fourier series. After the previous calculation, where Haar measure dν was introduced, this right side is
which is precisely the K-th partial Fourier series sum,
Combining this calculation and notation with those of parts i and ii, we have shown that
iv. We shall now prove that
where lim K denotes the limit as the finite subsets K ⊆ G/H increase to all of the discrete group G/H, see Remark 2.3 that obviates countability concerns. In fact, the right side of (19) exists since
, and we have the inequality,
The right side of this inequality tends to 0 as K increases to G/H by the elementary L 2 (H ⊥ )-norm convergence of Fourier series on the compact abelian group H ⊥ . v. Clearly, with non-negative terms in the sum, the limit,
exists and equals the left side of (14) . Consequently, (18) and (19) combine to give
and this is (14) , the desired result.
∈ G/H}, is a frame for V C,f with frame bounds A and B if and only if there are positive constants A and B such that for all trigonometric polynomials,
where F ⊆ G/H, card(F ) < ∞, and c [x] ∈ C, we have
By Lemma 4.1,
and, by Lemma 4.3,
With the frame assumption, and using equations (21) and (22), we compute
and this is (20) .
(⇐) Because of the equalities of Lemmas 4.1 and 4.3, and by the definition of g F , we can rewrite our assumption (20) as
∈ G/H}. We then apply Lemma 4.2 directly to obtain (23) for all g ∈ V C,f , the desired conclusion. 
∈ G/H}, is a frame for V C,f with frame bounds A and B if and only if
and N is defined up to sets of measure 0.
and we consider Φ C (f ) A − Φ C (f ) as the weight for a weighted L 2 Hilbert space on E. Thus, with Θ, Ψ ∈ L ∞ (H ⊥ ), we can obtain the estimate
Combining (26) and (27), we have
iv. As we saw in Remark 3.2, the trigonometric polynomials are dense in L 2 (H ⊥ ), and so we can choose a trigonometric polynomial Ψ so that
.
This allows us to verify easily that
and so from (28) we have
This is the strict inequality promised in part ii. yielding the desired contradiction set out in part i.
Examples
As number theoretic background, recall the classification theorem of non-discrete locally compact fields K. If char(K) = 0, then K is R, C, or a finite extension of Q p ; and if char(K) = p > 0, then K is ultrametric and isomorphic to the field of formal power series over a finite field, see [23] , Section 4.2. Except for R and C, these fields K v are nonArchimedean. This infers that the ring of integers O v ⊆ K v is a compact open subgroup under addition, where v designates the discrete absolute value |·| v used to define the topology on K v ; e.g., see Example 2.2 and [27] , [23] , [25] . We refer to each K v as a locally compact local field or simply local field.
Example 5.1. Let G = K v be a finite extension of the field Q p , under addition, where p ≥ 3 is an odd prime, and let H = O v be the ring of integers of K v . In particular, we could have G = Q p and H = Z p . All such fields have the property that G is (non-canonically) isomorphic to G, and that for each a ∈ G, we have p n a ∈ H for some n ≥ 0.
Fix a ∈ G with a ∈ H, and define f ∈ L 2 (G) by
According to Example 3.1, for each m ∈ Z, we have τ [ma] ,C f = (a, σ 0 ) m 1 ma+H + 1 (m+1)a+H .
Thus, 1 a+H +1 2a+H ∈ V C,f , and hence 1 H −1 2a+H ∈ V C,f . Since the order of a in G/H is odd, summing translates of 1 H − 1 2a+H gives 1 H − 1 a+H ∈ V C,f , and hence 1 H ∈ V C,f . Therefore, The order of [a] ∈ G/H is p n for some n ≥ 1, and so (a, η + σ 0 ) can take the value of any p n -root of unity. Substituting all such values into equation (29), we obtain 2 − 2 cos(π/p n ) ≤ Φ C (f ) ≤ 4, since the p n -root of unity closest to −1 is −e πi/p n , and the furthest is 1. Thus, Theorem 4.5 allows us to conclude that {τ [x] ,C f : [x] ∈ G/H} is a frame for V C,f with frame constants A = 2 − 2 cos(π/p n ) and B = 4.
Example 5.2. Let G = Q 2 and H = Z 2 , or, more generally, let G = K v be a finite extension of Q 2 , with H = O v the associated ring of integers. As in Example 5.1, we have that G and G are isomorphic; and for each a ∈ G, we have 2 n a ∈ H for some n ≥ 0. Also, as in Example 5.1, fix a ∈ G with a ∈ H, and define f = 1 H + 1 a+H ∈ L 2 (G). Once again, we have τ [ma] ,C f = (a, σ 0 ) m 1 ma+H + 1 (m+1)a+H for all m ∈ Z.
This time, however, since the order of [a] ∈ G/H is even, 1 H − 1 a+H does not belong to V C,f , and, in fact,
g is constant on sets of the form (x + H) ∪ (x + a + H)} is generated by functions of the form 1 x+H + 1 x+a+H . By the same reasoning as in Example 5.1, Φ C (f ) is given by the formula of equation (29). On the other hand, since the order of [a] ∈ G/H is 2 n for some n ≥ 1, there is a set N ⊆ H ⊥ of positive measure where (a, η + σ 0 ) = −1, and hence where Φ C (f )(η) = 0. For η ∈ H ⊥ \ N , however, (a, η + σ 0 ) is a 2 n -roots of unity other than −1. The closest such root to −1 is −e 2πi/2 n , and the furthest is 1. Thus, we have 
